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The structures of the complex oxides SC203, Ln2M207, 8c4Ti3012, Sc2VO 5 and Sc9Til0031. 2, which exemplify 
various types of superstructures based on the fluorite lattice, are discussed. The arrangement of the metal and 
O atoms and O vacancies over the sites of the basis fluorite matrix is determined from the X-ray powder 
photographs with a fundamentally new approach to the structure analysis, the concentration-wave method, 
which provides a means of solving the problem from the observed sets of superstructure reflections, without 
recourse to their intensities. The results obtained illustrate the potential of the concentration-wave method as 
applied to interpretation of structures of solids of widely varying chemical composition. 

Solid solutions having fluorite (CaF2)type structures 
frequently occur in systems comprising rare-earth metal 
oxides and oxides of Group IV and V elements. These 
phases are, as a rule, O deficient and contain O 
vacancies randomly distributed over the sites of the 
anionic sublattice. Their composition can be written 
(M',M")OE_xlq x where M'  and M "  are two sorts of 
metal ions and [] stands for 0 vacancies. 

Lowering of temperature results in ordering of the 
arrangement of metal and 0 atoms and vacancies: a 
phase transition of the order-disorder type occurs, 
which manifests itself by the appearance of additional 
superstructure reflections in the X-ray diffraction 
pattern. The principal difficulty one encounters in inter- 
preting structures of ordered phases formed from solid 
solutions arises from the scarcity of available structural 
information, which is mostly limited to powder 
photographs. 

The shortcomings of the powder technique as applied 
to the solution of superstructures can, however, be 
overcome to a considerable extent by using the concen- 
tration-wave approach. This method makes it feasible 
to deduce the distribution of atoms from the observed 
set of superstructure reflections (in certain cases it 
furnishes a number of possible distribution variants) 
and obviates the need to analyse the reflection 
intensities, which are only included at the stage of 
refinement of the structure parameters. 

Theory of  the method 

The essence of the concentration-wave method 
developed by Khachaturyan (1973) is as follows. The 
ordered arrangement of atoms of various sorts over the 
lattice sites is described by the distribution function 
n(R) given as the superposition of plane concentration 

waves generated by the system of wave vectors related 
to the superstructure reflections. 

n(R) = c + ½ Z [ Q(Kj,) exp (iKj R) 
J 

+ Q(Kj,) e x p ( - i K j  a)]. (1) 

The wave vectors Kj~ of static waves exp (iKj R) are 2~r 
times the superstructure vectors of the reciprocal lattice 
which belong to the first Brillouin zone of a disordered 
solid solution. Superstructure vectors related by sym- 
metry operations of the substructure reciprocal lattice 
make up stars (the numbering of the stars is given by 
scripts s). Symbol c stands for the total concentration of 
atoms whose arrangement is described by the distri- 
bution function n(R). 

The amplitude of the static wave, Q(Kj,), represents 
the product of the long-range-order parameter r/,, 
having the same value for all wave vectors of a given 
star, and the coefficients 7s(Js). The fully ordered 
arrangement is characterized by r/s equal to unity. The 
relations between the Ys(Js) coefficients determine the 
symmetry of the distribution function with respect to 
reflections and rotations. (1) can be re-written in the 
form 

n(R) = c + X 1/se,(R) (2) 
$ 

where symmetry-related terms are grouped together, 
and e s is 

es(R) = ½ Y. [Ys(/s) exp (iKjsR) + Ys (is) exp (--iKj R)]. 
Js (3) 

The distribution function n(R) constructed from 
superstructure vectors should meet the following 
principal requirement: the number of different values it 
takes on the full set of basis lattice sites should be 
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greater by one than the number of long-range order 
parameters or, in other words, the number of stars 
included in (3). 

Among superstructure vectors, there are low- 
symmetry irreducible ones, which cannot be decom- 
posed into component vectors belonging to other stars 
of the first Brillouin zone. The vectors that can be 
obtained from the irreducible components are further 
referred to as reducible or derivative vectors. 

The distribution function n(R) first of all includes 
irreducible-vector static waves. If the distribution 
function with an irreducible basis takes more different 
values than the number of stars plus one, the basis 
should be extended by inclusion of reducible-vector 
waves. 

The number of n(R) and es(R) values is a function of 
the coefficients Y~(Js)- According to Kachaturyan 
(1973), nonzero Ys(Js) values permissible for the sth star 
are given by 

y~(js) = ly~l exp[iq/~(j)l (4) 

where I~sl has the same value for all vectors of a star 
and ~,~ stands for the ratio zclJm [m is the least integer 
factor that transforms all vectors of a star, (l/2z0 Kj,  
into structure vectors of the reciprocal lattice H, and l 
runs ove-," the series of values: 0, 1, 2,..., (2m - 1)1. 

The complex fluorite lattice comprises four inter- 
penetrating f.c.c. Bravais lattices of parameter a. 

The b,asic feature of the structure is the f.c.c. 
sublattice fully occupied by metal ions. The octahedral 
interstices of this sublattice make up another f.c.c, sub- 
lattice displaced from the basic one by the vector 

vectors. Accordingly, all the atomic distribution func- 
tions n(R) should have the same wave-vector basis. 
Despite having the same translational symmetry, the 
atomic distribution functions may differ in their 
behaviour with respect to rotations and reflections. 
Generally, the functions n(p,R) should either be equal 
to each other or differ in parameters c(p) and Ys(Js, P) 
(Kachaturyan, 1973). 

In principle, metal-ion distribution may have a higher 
symmetry than the distribution functions describing the 
arrangement of the O atoms and vacancies in the tetra- 
hedral sublattices. In fact, negatively charged anions 
generate an electric field, the overall symmetry of which 
is determined by the symmetries of the electric fields of 
the two anionic sublattices. As the latter are equally 
displaced from the cationic sublattice, the resultant 
potential on the cationic sites may prove to be of higher 
symmetry than the component fields. On the other 
hand, the atomic distribution and potential-modulation 
functions should have the same form. It thus appears 
that the arrangement of metal ions may feature a higher 
symmetry compared with the arrangement of anions. 
This reduces the number of stars of superstructure 
vectors for the cationic sublattice but does not affect 
the translational symmetry of the structure as a whole, 
which is determined by the full set of low-symmetry 
vectors. Apart from that, the above-formulated rule of 
the number of distribution-function values remains 
valid for all sublattices. 

Structure-factor moduli determining structure and 
superstructure reflection intensities in the absence of 
static or thermal displacements are given by 

hOCt : ( a a a ~ .  

\ 2 2 2 /  

The tetrahedral interstices give the remaining two f.c.c. 
sublattices with the displacement vectors 

F~(2~H) = I X f  ~ X c~(p) exp(--i2~Hhp)l 
tr p 

Fcc(27rS + K h)= I~.f~ ~ ),s(j,p)exp[--i(2zrH) 
a p 

+ Kj)  hp] I 

(5) 

(6) 

h~etr=(aaa I htet r (aaa] 
\ 4 4 4 /  and = . \444 / 

In structures of the fluorite type, the latter two 
sublattices are occupied by anions. The octahedral 
interstices remain vacant or, in other words, are 
occupied by structure vacancies. 

The solution of ordered structures does not 
necessarily require the construction of a general 
distribution function for the fluorite lattice as a whole. 
The task may be reduced to the determination of the 
distribution functions for each of the simple f.c.c. 
Bravais sublattices p (p = 1, 2,...). It is clear from 
physical considerations that all four distribution func- 
tions should have the same translational symmetry, 
which is determined by the set of stars of low-symmetry 

where f~ is the atomic scattering factor for atoms of 
type st. 

In this work we apply the concentration-wave 
method to five solids exemplifying various types of 
superstructures based on the fluorite lattice. Three 
compounds of the series, Sc203, pyrochlore, Sc4Ti3012 , 
have already been studied in detail by single-crystal X- 
ray diffraction; their structures are well known (Knop, 
Brisse, Castelliz & Sutarno, 1965; N~.ray-Szab6, 1969; 
Thornber, Bevan & Graham, 1968). Re-investigation of 
these solids has been undertaken in order to demon- 
strate the utility of the concentration-wave method in the 
interpretation of structures of phases of widely varying 
compositions. Two other compounds, Sc2VO 5 and 
Sc9Ti10031. 2, have not been subjected to structure 
analysis thus far; the structural data on these com- 
pounds are reported for the first time. 
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Structure of Se203 

Oxides of rare-earth metals and scandium (the so-called 
C-type rare-earth metal oxides) (Swanson, Fuyat  & 
Ugrinic, 1954) belong to the first type of ordered phase 
derivative from fluorite that we are going to discuss. 
For example, consider the structure of  Sc20 a. Its b.c.c. 
unit cell has twice the dimension of the fluorite cell. The 
cationic sublattice in Sc20 3 is fully occupied with atoms 
of one sort, whereas a quarter of the sites on the O 
sublattice are vacant. All the superstructure reflections 
are due to ordering in the arrangement of  O atoms and 
structure vacancies. Hence, solution of the super- 
structure is given by a function n(p,R)  describing the 
distribution of  vacancies (O atoms) over the sites of the 
anionic sublattices. 

The construction of the n(p ,R)  function first requires 
the determination of the wave vectors q = Kj + 2ni l  in 
the reciprocal-lattice space of a fluorite solid solution. 
In order to do this, we must write the coordinates of 
sites h = (h,k,l) of the r¢o;iprocal lattice of Sc203 in 
terms of the fluorite reciprocal-lattice basis, using the 
transformation matrix B: 

(il q = 2nBh = 2n ½ 

0 ~ Sc203 

B is a reciprocal of the matrix that transforms the 
fluorite lattice basis to the basis of an ordered phase 
(Sc203 in the present case). Next, the distances between 
each of the superstructure reflections and the nearest 
structure reflection are calculated. The values thus 
obtained furnish the set of superstructure vectors 
(1/2n) Kj, contained in the first B rillouin zone. 

Each reflection in the powder photograph corre- 
sponds to a set of planes (hkl) with the same inter- 

Table 1. Parameters of  the powder pattern ofSc20  a 

No. I d (A) h k l K s 

1 1.5 3"99 2 1 1 l i 0 
2 0.5 3.49 2 2 0 100 
3 l0 2.830 2 2 2 Structure 
4 1 2.605 3 2 1 i i 0 
5 2 2.451 4 0 0 Structure 
6 1 2.305 4 1 1 , t  0 
7 0.7 2.192 4 2 0 100 

I 1 8 3.5 2.089 3 2 2 ~ 0  
9 0.8 2.001 4 2 2 100 

10 3 1.920 431,510 I , 7~0 
11 1 1-791 5 2 1 ½½0 
12 10 1.734 4 4 0 Structure 
13 1 1.683 535,433 i l ~ 0  
14 0.7 1.630 422, 600 I00 
15 2 1.589 532, 611 i 1 ~ 0  
16 1 1"550 6 2 0 100 
17 2 1.513 5 4 1  ½½0 
18 7.5 1.478 6 2 2 Structure 

planar spacing. For that reason, each reflection corre- 
sponds not to a single vector K j;  but to a set of super- 
structure vectors making up a star. 

Table 1 includes interplanar spacings obtained from 
the powder pattern of Sc203 and, for each reflection, 
indices hkl and the corresponding star of super- 
structure vectors. The coordinates of wave vectors are 
given in the basis 2ha*, 2ha*, 2na~' where al*, a~', and a~' 
are the mutually orthogonal basis vectors of  the recip- 
rocal lattice (la*l = la*l = la*l = 1/a where a is the 
f.c.c, fluorite lattice parameter). 

As follows from Table 1, the superstructure of Sc203 
is generated by two stars of superstructure vectors. Star 
K l includes low-symmetry vectors 

11 K 1 {(~0),  l i  i 1 = h 0 9 ,  (~0½), (~30), ' l 
__  

11 ( : :0) ,  (330), ( 0 3 9 ,  1~ (okk), ~ i l  
i i 1 i tOiL (309, (o~) / .  (709, ~ 3v, 

The vectors of the second star, K 2 {(100), (010), 
(001)}, represent the second harmonics of the vectors 
of star K r 

The e2(R) function of the vectors of star K 1 takes a 
form convenient for practical purposes, after a rather 
simple transformation of the scalar product K j R  in (3), 
by writing it in the f.c.c, lattice coordinates. In fact, the 
radius vector of the f.c.c, lattice is given by: R = xa I + 
ya  2 + z a  3. Then, as the basis vectors of the orthogonal 
and reciprocal lattices are related by (ai. a*) = 1 and 
(aj. a*) = 0, the expression for e l ( R  ) becomes 

el(R ) = el(x,y,z ) = yl{exp[iq/(1)] exp[in(x + y)] 

+ exp[i~'(2)] exp[ in (x -  y)] 

+ exp[i~,(3)] exp[in(x + z)] 

+ exp[i~(4)l exp[in(--x + z)] 

+ exp[i~,(5)] exp[in(y + z)] 

+ exp[i~(6)] e x p [ i n ( y -  z)] 

+ complex conjugate}. (7) 

The number of different values taken by (7) in running 
over the sites of the f.c.c, lattice del~nds on the phases 
~,(j). 

For star K l, m = 2, and each of the ~l(J)  phases 
may thus have one of the four values: 0, n/2, n, and 
3n/2. 

We may now construct two distribution functions 
n(R) = c + r h el(R): 

hi(R) = c + 2rhyl[cos n(x +y) + sin n(x- -y )  

+ cos n(x + z) + sin n(--x + z) 

+ cos n(y + z) + sin n ( y -  z)] (8) 

n2(R) = c + 2r/lYl[COS n(x + y) -- sin n(x -- y) 

+ cos n(x + z ) -  sin n(--x + z) 

+ cos n(y + z ) -  sin n ( y -  z)] (9) 
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both of which meet the requirement cited in the 
theoretical introduction, i.e. to take on a value which is 
more by one than the number of long-range order 
parameters, and may therefore correspond to some 
ordered atomic arrangement. 

We have for (8) ~,(1) = ~(3)=  ~'(5)= 0, ~ (2)=  ~,(4) 
= ~,(6)= zd2, and for (9) ~,(1)= ~,(3)= ~,(5)= 0, 
qt(2) = ~,(4)= ~,(6) = 3rt/2. 

By definition, the function that describes the distri- 
bution of atoms (vacancies) in a fully ordered solid of a 
stoichiometric composition may be equal to either zero 
or unity. When applied to (8) and (9), this condition 
yields 

n l = c + 6 r h y  ~= 1, 

n 2 = c - -  2 / ' ] 1  ~,' 1 = 0. (10) 

Solution of this system gives the stoichiometric com- 
position % of ¼ and the product F]I ~1 value of ~ for each 
of the f.c.c. Bravais sublattices. 

The result obtained predicts an even distribution of 
vacancies between two tetrahedral sublattices. 

In principle, distributions (8) and (9) describe 
crystallographically equivalent superstructures, and 
either of the two can be used to describe the arrange- 
ment of vacancies over the sites of a given sublattice. 
The overall symmetry of the anionic network, however, 
depends on the mutual arrangement of vacancies in two 
tetrahedral sublattices and hence on the relation 
between the respective distribution functions. It is 
reasonable to assume that, among the possible crystal 
structures corresponding to various combinations of 
the distribution functions, the actual structure has the 
lowest lattice energy. For our purposes we may regard 

b : - - - i k "  

ff j / ~  

Fig. 1. A fragment of the structure of Sc203. ~ Oxygen atom, 
oxygen vacancy, @ scandium atom. 

metal oxide phases as pseudo-ionic crystals whose 
internal energy is mainly determined by Coulomb 
terms. The latter reduce to a minimum when vacancies 
positioned nearest to the metal atom (in the first 
coordination sphere) are separated furthest from each 
other. 

Each positively charged metal ion in the fluorite 
lattice has eight nearest-neighbour anion sites, which 
form a cube with half the dimension of the f.c.c, unit 
cell. It is clear that, in terms of the electrostatic model, 
the arrangement with vacancies located on a body 
diagonal of this cube is energetically favoured over that 
with a face-diagonal separation between vacancies. Still 
less favourable are structures in which vacancies 
occupy adjacent vertices. The latter situation occurs 
when the same distribution function fits both anionic 
sublattices. On the other hand, the use of (8) for one 
and (9) for the other sublattice yields an energetically 
favourable arrangement. This combination corre- 
sponds to the structure in which Sc atoms occupying 
vertices of the f.c.c, unit cell are surrounded by six O 
atoms and two vacancies located at the ends of a body 
diagonal. The remaining Sc ions have a similar environ- 
ment, but with vacancies occupying opposite corners of 
one of the cube faces. The mutual arrangement of O 
atoms and vacancies is shown in Fig. 1 where the 
principal fragment of the Sc20 3 unit cell is depicted. 

O vacancies may be treated as tetrahedral interstices 
in the metal lattice. It follows from the theory of static 
distortions (Krivoglaz & Tikhonova, 1960) that inter- 
stitial atoms displace matrix atoms from the sites of an 
'average' lattice while retaining their own positions. 
Such displacements may generate 'superposition' reflec- 
tions, which correspond to combinations of two or 
more independent vectors entering function n(R). 

This in particular is the reason why powder photo- 
graphs of Sc203 contain weak reflections generated by 
star K 2, which does not appear in the expression for 
n(R). These reflections originate from displacements of 
Sc atoms from the sites of the matrix fluorite lattice. 
Their intensities are low and increase with q, in agree- 
ment with what may be expected for reflections 
resulting from atomic displacements. 

To conclude the discussion of the Sc203 structure, 
we should note that during the analysis, a number of 
alternative structure variants have been considered and 
ruled out, that for one reason or another could not have 
been fitted to the functions n(R,p) constructed from the 
superstructure vectors of the Sc20 a lattice. Thus, the 
distribution of all vacancies over the sites of one of the 
sublattices with concentration c equal to ½ has to be 
excluded because no distribution function with a 
stoichiometric concentration of ½ can be written with 
the superstructure vector basis defined as described 
above. Because of space limitations we cannot consider 
the finer details of structure analysis; therefore only the 
principal points will be discussed. 
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P y r o c h l o r e - t y p e  s t r u c t u r e s  

Ordered phases of the composition L n 2 M 2 0  7 are 
frequently referred to as pyrochlores, which reflects the 
fact that they are isostructural with the mineral having 
the same name, NaCaNbTaO6F (Knop et al., 1965). 
The structure of pyrochlore may also be regarded as a 
derivative of fluorite and formed by ordering of the 
arrangement of metal and O atoms over the sites of the 
fluorite lattice. The f.c.c, lattice of pyrochlore has twice 
the parameter of fluorite. The metal sublattice contains 
equal numbers of rare-earth metal atoms (Ln) and 
Group IV metal atoms (M), where M stands for Ti, Zr, 
Hf. One eighth of the sites on two tetrahedral anionic 
sublattices are vacant; the remaining sites are occupied 
by O. 

The superstructure reflections give two stars: 

K2=  {(100), (010), (001)} 

K3 { ( l l l $  / i ' l l $  / l l l $  (II1"~1. 

This basis generates a single n(R) function 

n(R) = c + r/2Y2[exp(i27-~ ) + exp(i27ry) + exp(i27rz)] 

+ r/3Y3{exp[iTr(x + y + z)] 

+ exp[izr(-x + y + z)] + exp[iTr(x - y  + z)] 

+ exp[iTr(x + y - z)]} (11) 

which takes three different values in most f.c.c. Bravais 
lattice sites: 

/ / l  : C + 3/72~2 + 4r/3y 3 

/'/2 = C -t- 3r12Y 2 -- 4/']3 y 3 

//3 : C - -  ~ 2 h "  

Setting//l = 1 and//2 = n3 = 0, we have Cst = ~,/'/2 ~/2 
½, and r/3 Y3 = ~. 

The value of ~ for the stoichiometric concentration 
indicates that equal numbers of vacancies occur in both 
tetrahedral sublattices. 

Such a distribution of O atoms and vacancies results 
in that only star K 3 enters the potential modulation 
function, ~o(R), for the metal sublattice, and the distri- 
bution of metal atoms is given by: 

n(R) = c + r/3Y3{--exp[iTr(x + y + z)] 

+ exp[iTr(--x + y + z)] + exp[iTr(x--y + z)] 

+ exp[iTr(x + y -- z)] }. (12) 

Function (12) takes on two values: 

n I = c + 2//3 Y3 

n2 = c - 2r/3 Y3. 

With n I = 1 and n 2 = 0, Cst is ½ and r/3 Y3 is ¼. 

The pyrochlore reflections with hkl  indices all odd 
(the K a vectors) are as a rule much stronger than those 
having even indices (the g 2 vectors), which reflects the 
difference in the structures of the oxygen (11) and metal 
(12) distribution functions. 

The stoichiometric concentration values for func- 
tions (12) and (1 l) coincide with the concentrations of 
metal atoms and vacancies, respectively, in L n 2 M 2 0  7. 
The structural formula of the compounds that crystallize 
in the pyrochlore lattice can thus be written in the form 

[Ln~M½] [0~11~] [0~1 q~] = Ln2M207  

where the atomic groups occupying the same sublattice 
are bracketed. 

The mutual atomic arrangement in Ln2M207 is 
shown in Fig. 2, where a quarter of the pyrochlore unit 
cell is depicted. 

It now remains to determine what cations occupy 
each of the two sets of sites nl and//2. 

Crystallographically, the difference between the sites 
of the f.c.c, metal-ion sublattice corresponding to 
different values of function (12) in the fully ordered 
structure is the difference in coordination numbers. 
Sites n I have six O and two vacancy nearest 
neighbours, while ions located on sites //2 are eight- 
coordinate. 

The coordination number six is characteristic for 
tetravalent Ti, Zr, and Hf, while bulkier rare-earth 
cations are more likely to occur in eight-coordinate 
positions (N/aray-Szab6, 1969). It thus appears reason- 
able to assume that sites n I are occupied by M and 
sites//2 by Ln cations. 

• / '1"1"  -" - - - -  

" i . 1  
I , / ~  I g , ~ f  I 

ll : , /  :m L _  N _ _ _ 
I / t  t ,I/l" 

Fig. 2. A fragment of the structure of Ln2M207. O Oxygen atom, 
® oxygen vacancy, • Ln atom, @ M atom. 
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S t r u c t u r e  o f  S c 2 V O  s 

C o m p o u n d  Sc2VO5 occurs in the system Sc203-VO 2 
(Mikhailov, Pokrovski i  & Komissarova ,  1971). Its X- 
ray powder  pat tern (both reflections corresponding to 
the basis fluorite structure and superstructure reflec- 
tions) can be indexed in a te tragonal  lattice with unit- 
cell dimensions a '  = av/2 = 6.954,  c = 3a = 14.372 A, 
where a is, as before, the basis fluorite cell parameter .  

One third of  the metal  sublattice sites are occupied 
by V atoms. The remaining sites contain  Sc. One 
sixth of  the fluorite anionic sites are vacant .  The 
indexing of  the Sc2VO 5 X-ray  powder  pat tern given in 
Table 2 is taken from Mikhai lov et al. (1971). For  each 
superstructure reflection, the corresponding star o f  
superstructure vectors belonging to the first Brillouin 
zone of  the fluorite f.c.c, lattice has been determined.  
These data  are also included in Table 2. 

The ordering of  the atomic ar rangement  in the 
structure of  SCEVO 5 is governed by superstructure 
vectors making up stars: 

K 2 = 1(100), (010), (001)} 

K4 = {(002), (00~)/ 

K5 { 11 1i ~i (r~o), (~o)/  = (:~o), (::o),  

K6 {/'1113 / I I iX /'1i1"1 [ i l lX 

(llV~ -- ¢i~i'~ (xiL : ~ ,  (~I), ~ ,  

K 7 = {(109, (10i), (019, (01i)}. 

Table 2. Parameters of  the powder pattern ofSc2VO 5 

No. I d (A) h k I K s 

1 1 7.28 002  00{ 
2 1 4.11 1 1 2 1 0]  
3 2 3.42 1 1 3 0 1 0 
4 5 3.37 20 1 0 0 ]  
5 1 3.03 2 1 1 ½½~ 
6 100 2.826 2 0 3 Structure 
7 4 2.458 2 2 0 Structure 
8 3 2.431 0 0 6 Structure 
9 1 2.327 2 2 2 0 0 

10 1 2.236 205 0 0 ]  
11 3 2.196 223 00 1 
12 4 2.038 2 2 4 0 0 

1 1 13 2 1.935 3 2 0  ~20  
14 4 1.870 3 2 2 I l 
15 1 1.821 008  0 0 ]  
16 1 1.785 2 0 7 0 0 
17 8 1.738 4 0 0 Structure 
18 20 1.729 2 2 6 Structure 
19 1 1.691 402  00{ 
20 1 1.636 4 0 3 00 1 
21 1 1.582 1 0 9 i l ~ 0  
22 I 1-546 4 2 1 0 0 
23 2 1.496 3 3 4 0 0 
24 10 1.481 4 2 3 Structure 
25 7 1.468 2 0 9 Structure 
26 2 1.436 2 1 9 i l ~ 0  
27 2 1.414 4 0 6 Structure 

The vectors belonging to stars K 4 and K 5 are 
irreducible; all the other vectors are derivatives from 
them. 

For  stars K 4 and KT, not  all vectors tha t  can be 
obtained from symmetry  considerat ion of  the reciprocal  
fluorite lattice are included, because the 7s(Js) 
coefficients for some of  these vectors reduce to zero in 
te tragonal  superstructures.  Such vectors will not  be 
considered here. 

Four  crystal lographical ly  equivalent  distr ibution 
functions with different phases can be constructed:  

n ( R ) =  c + /14/~4(R) + /15es(R) + /16/~6(R) (13) 

that ,  first, take for the set of  sites of  the f.c.c, lattice 
values greater by one in number  than the long-range 
order parameters  and, second, fit the s toichiometry of  
the solid. 

We will now apply (13) to superstructures of  the 
composi t ions  Cst = ~, ~, ½. Four  n(R) values make  up the 
system 

n ~ = e + 2/143'4 + 2 r/5 75 + 4 r/6 76 

n 2 = c - -  /14 74 + 2/15 75 - 2/16 76 

n a = c + 2/14 h - 2/15 75 - 4/16 76 

n 4 = c - /1474 - 2/1575 + 2/1676. 

Solution of  this system yields 

c = ~(n I + 2n 2 + n 3 + 2n4) 

/14 74 = ~(n, -- n 2 + n 3 -- n4) 

/15 75 = l ~ ( n l  + n2 - -  n3 + n 4) 

/1676 = 1-!'2(hi -- n2 -- n3 -- n4). 

The ar rangement  of  the O atoms over the super- 
structure sites that  corresponds  to the energy min imum 
(within the electrostatic model) is described by the 
following vacancy-dis t r ibut ion functions:  

4~r2 n(R,  1) = ~ + } cos ---f- 

+ } [cos 7r(x + y) + sin 7t(x -- y)] 

+ ~[cos  7~(x + y + ~ )  + cos ~ (x  + y -  9 )  

+ sin r c ( x - y  + ~) + sin z ~ ( x - y -  ~)]  (14) 

for one of  the anionic sublattices and 

4rtz n(R,  2 ) =  ~ + ~ c o s - r -  

+ ~ [cos x(x  + y ) -  sin z t (x- -y) ]  

+ ~[ cos 7r(x + y + ~ )  + cos 7r(x + y -  ~ )  

2z - sin zc(x - y  + ~ )  - sin 7 z ( x - y - - ~ ) ]  (15) 

for the other. 
The n(R) funct ion describing the distribution of  V 

a toms over crystal  sites (fully ordered arrangement) ,  
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which is symmetry consistent with the overall arrange- 
ment of vacancies, only includes star K 4 vectors: 

n(R)= ~ + ] c o s ~  (16) 

(that is, Cst = ] and qaT4 = ]). At elevated tempera- 
tures, partly disordered structures may occur with a 
different overall symmetry of vacancy arrangement. If 
the long-range-order parameters r/s(p) and r/6(p) in (14) 
and (15) have different temperature dependences, the 
general form of (13) should be used to describe the 
distribution of metal atoms. At temperatures well below 
the phase-transition point, the coefficients r/5 )'5 and r/6 )'6 
approach zero. 

Sc2VO5 has a layer structure (Fig. 3). Down the z 
axis, V layers alternate with pairs of Sc layers. The unit 
cell contains two V and four Sc layers. The V ions 
located on the basal plane have six O and two vacancy 
nearest neighbours. The latter belong to different tetra- 
hedral sublattices and lie at the ends of a body diagonal 
of the coordination cube. 

Sc atoms that make up the adjacent layer have a 
single vacancy nearest neighbour; their coordination 
polyhedra contain seven O atoms. The next metal-ion 
layer comprises Sc ions octahedrally coordinated with 
O (octahedra are formed by withdrawal of two O 
atoms with a face-diagonal separation between them 
from the original cube). 

The fourth layer is occupied by V ions coordinated in 
a way similar to the Sc ions of the preceding layer. The 
principal difference is that half the metal ions have 
vacancies in the anionic layer that lies below the metal 
layer, while the other half have vacancies in the upper 
layer. 

The fifth layer, occupied by Sc, repeats the third, and 
the sixth layer repeats the second. 

O vacancies displace metal ions. The vacancies 
located on the top or bottom faces of anionic cubes 
should have the strongest action in displacing metals 
mainly along the c axis. As a result, reflections corre- 

sponding to derivative factors belonging to stars K 2 and 
K 7 appear. As expected, star K 2 generates the stronger 
reflections. Comparison of the r/~)'~ parameter values in 
distribution functions (14), (15)and  (16)predicts the 
reflections from superstructure vectors of star K 4 to be 
much stronger than those generated by stars K 5 and 
K 6. This prediction is again in excellent agreement with 
the observed intensity pattern (Table 2). 

Structure of the type Sc4Ti30 n 

We now proceed to examples of rhombohedrally 
distorted f.c.c, fluorite lattices. 

Compound Sc4Ti3012, which occurs in the system 
Sc203-TiO2, forms a disordered solid solution having 
the fluorite structure above 1170°C (Komi~.sarova, 
Pokrovskii & Nechaeva, 1966). Crystals of the ordered 
phase are rhombohedral, the hexagonal unit-cell 
parameters are: a '  = ax/~ = 9.094, c = ax/3 = 8.535 A. 
The cell contains 21 metal atoms (12 Sc and 9 Ti). 
Of a total of 42 anionic sites per cell, 36 sites are 
occupied by O, and the remaining 6 (one seventh 
part) by structure vacancies. A single star of super- 
structure vectors generates all superstructure reflections 
observed in the powder photograph (Table 3): 

= ~\7771, \7771, ~,7771, '<7771, \7771, k777) 'J" 

The distribution function 

n(R) = c + 2r/sTs [cos ~ 7t(5x + 3y - z) 

+ cos 2 n(--x + 5y + 3z) + cos 2 n(3x -- y + 5z)] 
(17) 

takes only two values in going over the sites of the f.c.c. 
lattice: 

n~ = c + 6r/8 ~8 

n 2 = c - -  r]8 }'8. 

With n~ = 1 and n 2 = 0, we have Cst = -~ a-ad ~/8)'s = ~. 
This result is only compatible with one mode of 

I I 

. e -.-4 

f f f 

Fig. 3. A fragment of the structure of SczVOs. O Oxygen atom, 
®oxygen vacancy, ® vanadium atom, • scandium atom. 

Table 3. Parameters of the powder pattern of 
Sc4Ti3Ol2 

No. I d (/~,) h k i I K s 

1 6 4.54 1 1 2 0  ~3 i  
2 I0 3.74 0 1 i 2 ~}~ 
3 8 3.57 0 2 2 1  ~¢~ 
4 35 2.841 0 0 0 3 

Structure 5 100 2.802 2 1 3 1 
6 25 2.438 2 1 3 2 Structure 
7 8 2.406 1 1 2 3 ~ ,~  
8 7 2.265 2 2 4 0  53~ 
9 3 2.110 1 3 4 1  ~'I5 i 

10 12 2.057 1 0 f 4 ~ 
11 12 1.925 3 0 J 3  q~q5 i 
12 5 1.871 0 2 2 4  ~ 
13 40 1.730 2 1 j 4 

Structure 14 35 1.715 1 4 5 0 
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arrangement of O vacancies: vacancies are equally 
distributed between two tetrahedral sublattices over the 
positions generated by one and the same distribution 
function. 

The metal atoms located on the threefold axis (one 
seventh of all metal atoms) have only six O nearest 
neighbours; vacancies occupy two corners of the 
anionic cube and have a body-diagonal separation 

.fTm. 

, . ,  _ _  

Fig. 4. Arrangement of atoms in Sc4Ti3Ot2 seen in projection down 
the threefold axis. O Oxygen atom, ® oxygen vacancy, • metal 
atoms (Sc,Ti). 

Table 4. Parameters o f  the powder pattern o f  
Sc9TiloO31. 2 

No. I d (A) 

1 1 4.24 1 2 3  1 
2 2 3.755 2 2 ~ , 0  
3 5 3.316 3 1 4 1 
4 2 3.199 2 1 3 2  

2 3 5 1  5 I00 2.812 0063 
6 10 2.434 2 3 5 2 

1 4 3 2  7 2 2.356 3033 
15~1 

8 7 2.250 2 2 4 3 

9 2 2.122 2 4 6 2  
I0 3 2.073 3 4 "I I 
11 I 1.996 1 4 5 3 
12 5 1.935 1 2 3 4 
13 4 1.818 3 1 4 4 

7 1 8 0  14 30 1.721 
2 3 5 4  
l O i 5  15 2 1.673 5273 

16 1 1.637 3 6 9 0 
17 1 1.598 4 2 6 4 
18 2 1.563 15 6 4 

h k i l Star index s 

9, 10 
11 

9, 10, 11 
9, 10 

Structure 

Structure 
9, 11 

10 
9, 10 

11 
9, 11 
9, 10 
9, 10 
9, 11 
9, 11 

Structure 

11 
9, 10 
9, 11 
9, 10 
9, 10 

between them. The rest of the metal atoms have one O 
vacancy in the first coordination sphere (Fig. 4). 

The stoichiometric concentration Cst = ~ that appears 
in the distribution (17) differs considerably from the 
concentration of both Se (esc = 4) and Ti (exi ---- ~). It 
appears from this that the occupation probabilities for 
a given site with respect to the two metals are approxi- 
mately the same. The tendency of tetravalent Ti to form 
coordination octahedra with O (N~ray-Szab6, 1969), 
however, favours the structure in which all octahedral 
sites and ] of the heptacoordinate positions are occupied 
by Ti, while Sc occupies the remaining ] positions with 
coordination number 7. 

The structure described here for Sc4Ti3012 is 
analogous to that of Sc~Zr30 n determined earlier 
(Thornber et al., 1968). 

Structure  o f  Se9TiloO31. 2 

The last compound we are going to discuss provides an 
example of an ordered phase whose stoichiometric 
composition is unknown beforehand. High-temperature 
(1400°C) sintering of a mixture of Sc and Ti oxides 
under hydrogen leads to the formation of a phase with a 
rather narrow region of homogeneity having the 
composition (Sc,Ti)19031+8 where 6 is near 0.2. The Ti 
valency state varies from (III) to (IV). 

The X-ray powder pattern (Table 4) contains the 
basis fluorite and additional superstructure reflections 
that can be indexed in a rhombohedral lattice. The 
hexagonal unit cell has dimensions a '  = av/~ = 15.83 
and e = av/3 = 8.416/~, Z = 3. 

The superstructure reflections are generated by 
vectors of stars: 

K9 ~ (10~__4"~ ( 4 I0 6"~ [ 6 4 10~ 
= t X l 9 1 9 1 9 h  \T9 l--'ff'~;'~ ~l-'ffT'ffT'ff]~ 

lO6 ~x /~lOg'~ t_g~lo~ 
l-'9-~]-ff]~ \l-'ff lT'ff'~]~ ~.191919;'J 

KI ° : / r 1 7 5  ~x /.~_175"~ 5 1 
/~,19-'ff'~l--ffI' M 9 1 9 1 9 / '  ( T f f l ~ 1 0 '  

(_~j_ 3~ t31-~3~ r~ 3 i-~t 
1919191, I,]"ff'['ff~], ~,]-ff'i"ff'l'ff,// 

K I  1 J [ l  7 1 r ~  / 1 1 1  73 [ 7 1 1 1 " ~  : /K-I'#T#I-'#/, ~,lgl--¢i-ff~h ~ , T # ~ h  
1 7113 [ i ' ] i  7'~ [ 7 1 1 1 ~ t  

]'#]-#]'#), ~19-V~T#I, kl-'#-f'ff~)/. 

The distribution function has the form 
n(x,y,z) = e + 2r/9 yg[cos ~ ( - 1 0 x  + 6y + 4z) 

+ cos 2~(4x-  10y + 6z) 

2~t + cos r~(6x + 4y - 10z)] 

+ 2r/10 ?10[cos ~-~(17x + 5 y -  3z) 

2,, 173, + 5z) + cos r~( -3x  + 

2,, 17z)] + cos ~ (5x  -- 3y + 

+ 2thl ?11[cos ~ ( x  + 7y + 1 lz) 
2~ + cos T~(I lx + y + 7z) 

2,, z)]. (18) + cos T~(7x + 1 ly + 



B. I. POKROVSKII AND E. V. ISAEVA 1059 

Table 5. Parameters o f  the distribution function (18) 

Variant Cst /79 ~19 /710 YI0 /711 Yl I 

7• I 1 ~ l-~ 
2 ~ - - 4  
3 ~ - ~  ~ --~ 
4 ~ ~ -~7 -~7 

Function (18) takes four different values on the lattice 
sites (Table 5) and furnishes four variants of the ordered 
arrangement of vacancies in one of the sublattices 
comprising tetrahedral interstices. The parameters of 
the possible distributions are listed in Table 5. 

With one of the O sublattices fully occupied, and the 
other having a vacancy concentration of ~ (that is, O 
atoms occupy 13 of a total of 19 anionic sites), the 
stoichiometric composition is (Sc,Ti)19032. Additional 
vacancies with a concentration of ~9 may be arranged 
according to variant 1 (Table 5). In this case, the 
stoichiometric composition is (Sc,Ti)1903r 

Experiment gives some 3 1 . 2 0  atoms per unit cell, so 
that O atoms should occupy a certain proportion of 
the vacancy sites. 

We may immediately rule out the variants that 
predict metals to have coordination numbers below 6. 
Still, there remain a number of alternative variants to be 
discussed. From a consideration of the intensities of the 
first several reflections, but without taking into account 
possible displacements of metal atoms, we arrive at the 
conclusion that variant 1 (Table 5) corresponds to the 
most probable vacancy distribution. Other distribution 
functions predict reflection intensities [see equations 
(5) and (6)] that differ significantly from those 
observed. 

The c axis of the hexagonal unit cell coincides with 
the [111] direction in the fluorite f.c.c, cell. Along this 
direction, metal atoms form three closely packed layers 
alternating in the order A B C  A B C  .. . .  

Metal atoms of layer A are surrounded by six O 
atoms and two vacancies, which occupy two corners of 
the anionic cube across a face diagonal. 

The metal atoms of the next layer that lie on 

threefold axes have seven O nearest neighbours; the 
remaining atoms occupy alternating six- and seven- 
coordinate sites. 

Metals in the third layer have only one vacancy in 
the first coordination sphere. 

In going from the stoichiometric composition 
(Sc,Ti)19031 to (Sc,Ti)19031.2, a proportion of vacancies 
are replaced with O atoms, which are randomly distri- 
buted over the vacancy sites. 

Sc and Ti ions have closely similar crystallographic 
characteristics. Moreover, their atomic scattering fac- 
tors are practically identical. For this reason, the distri- 
bution of Sc and Ti atoms over the metal sublattice sites 
can hardly be determined from X-ray diffraction. It 
may well be that additional superstructure occurs in the 
metal sublattice, which produces no observable effects. 
From general considerations, hexacoordinate sites 
should be occupied by Ti 4+, and heptacoordinate sites 
by Ti 3+ and Sc 3+. It also seems probable that 
additional O atoms should arrange in such a way as to 
decrease the number of hexacoordinate sites with 
increase of the Ti 3+ to Ti 4+ ratio. 

The authors are deeply indebted to A. G. Khachatu- 
ryan for valuable discussions. 
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